Published by Institute of Physics Publishing for SISSA Received: June 24, 2005 Revised: September 21, 2005 Accepted: September 27, 2005 Published: October 11, 2005

Morita duality and noncommutative Wilson loops in two dimensions

Michele Cirafici,^a Luca Griguolo,^b Domenico Seminara^c and Richard J. Szabo^a aDepartment of Mathematics, Heriot-Watt University Colin Maclaurin Building, Riccarton, Edinburgh EH14 4AS, U.K. bDipartimento di Fisica, Università di Parma, INFN Gruppo Collegato di Parma Parco Area delle Scienze 7/A, 43100 Parma, Italy cDipartimento di Fisica, Polo Scientifico Università di Firenze INFN Sezione di Firenze Via G. Sansone 1, 50019 Sesto Fiorentino, Italy E-mail: M.Cirafici@ma.hw.ac.uk, griguolo@fis.unipr.it, seminara@fi.infn.it,

R.J.Szabo@ma.hw.ac.uk

Abstract: We describe a combinatorial approach to the analysis of the shape and orientation dependence of Wilson loop observables on two-dimensional noncommutative tori. Morita equivalence is used to map the computation of loop correlators onto the combinatorics of non-planar graphs. Several strong nonperturbative evidences of symmetry breaking under area-preserving diffeomorphisms are thereby presented. Analytic expressions for correlators of Wilson loops with infinite winding number are also derived and shown to agree with results from ordinary Yang-Mills theory.

Keywords: Nonperturbative Effects, Field Theories in Lower Dimensions, Space-Time Symmetries, Non-Commutative Geometry.

©SISSA 2005 http://jhep.sissa.it/archive/papers/jhep102005030 /jhep102005030 .pdf

Contents

1. Introduction 1

2. Morita equivalence of Wilson loops 3

3. Dual loop correlators: rational case 6 3.1 General construction 7 3.2 Simple loops 10 3.3 Circular loops 15 3.4 Square loops 17

4. Dual loop correlators: irrational case 22

5. Loop correlators in the double scaling limit 23

6. Summary and discussion 27

1. Introduction

The calculation of Wilson loop obervables is an ongoing area of activity in the study of noncommutative gauge theories (see [1]–[3] for reviews). Early calculations performed in the corresponding dual supergravity theories [4] found that, in even spacetime dimension and for maximal rank noncommutativity, large area Wilson loop correlators behave exactly as their commutative counterparts up to a rescaling of the Yang-Mills coupling constant, while noncommutative effects dominate small area loops. In contrast, numerical studies based on twisted reduced models in two dimensions [5] have revealed that small noncommutative Wilson loops follow an area law behaviour while large loops become complex-valued with a phase that rises linearly with the area. Numerical results in four dimensions and for non-maximal rank noncommutativity are qualitatively similar [6].

In this paper we will analyse some nonperturbative properties of Wilson loops in twodimensional noncommutative gauge theory. The partition function and open Wilson line observables in this theory have been computed nonperturbatively in terms of instanton expansions [7]–[11] which are manifestly invariant under gauge Morita equivalence and area-preserving diffeomorphisms of the spacetime. In marked contrast, closed Wilson line observables have thus far only been amenable to a variety of perturbative studies [12]–[16]. Foremost among the interesting effects that have been unveiled is the loss of invariance under area-preserving diffeomorphisms of the two-dimensional spacetime [15, 16]. Commutative Wilson loop correlators in two dimensions are well-known [17] to be independent

– 1 – of the shape of the contour on which they are defined and depend only on the area enclosed by the loop. However, in noncommutative gauge theory on R^2 the loop correlators depend on the path shape [15, 16]. Thus, for example, one obtains different correlation functions associated to a circular loop and a square loop which encircle the same area. The simplest way to understand the violation of this invariance is through the noncommutative loop equation [15], which relates an infinitesimal variation in the loop geometry of a closed Wilson line correlator to a non-vanishing correlation function of open Wilson lines. This symmetry breaking may be related to the fact that, unlike its commutative version, the lattice regularization of the noncommutative gauge theory [18, 19] is not invariant under subdivision of plaquettes which have long-ranged interactions with one another. The standard Gross–Witten reduction [20] breaks down due to UV/IR mixing in this case [21]. On the other hand, it is expected [16] that at least an SL(2, R) subgroup of area-preserving diffeomorphisms remains a symmetry of the quantum averages in perturbation theory.

In the following we will study the shape dependence of loop correlators from a nonperturbative perspective. Our fundamental point of view will be to look at Morita equivalent formulations of the gauge theory on a two-dimensional noncommutative torus. Since rational noncommutative Yang-Mills theory is equivalent to ordinary Yang-Mills theory on a torus, one would naively expect that in this case Wilson loop correlators are shapeindependent. By continuity one could then try to extrapolate this result to the irrational noncommutative torus and by decompactification even to the noncommutative plane. The reason this argument breaks down is that closed Wilson lines, unlike the open ones, have a very intricate transformation property under Morita equivalence. The Morita dual of a closed simple curve can be a very complicated loop with many self-intersections and windings around itself. We describe these transformations in detail, and show that Morita equivalence maps a simple noncommutative Wilson loop on the torus into a non-planar graph realizing a triangulation of the dual torus. The problem of computing the loop correlator is in this way mapped onto a combinatorial problem. Loops which enclose the same area but have a different shape can yield topologically inequivalent graphs and hence different correlation functions. This is in fact also true of loops which differ only in their relative orientation, a feature which distinguishes observables on the torus from those on the plane which are rotationally invariant [16]. The loss of invariance under area-preserving diffeomorphisms from this perspective is then attributed to the different graph combinatorics induced by contours of varying shape. The spacetime transformations which leave a given loop correlator invariant are determined by the automorphism group of the non-planar graph induced by the contour under Morita equivalence.

The organisation of this paper is as follows. In section 2 we review some aspects of Morita equivalence and spell out in detail how it acts on closed Wilson lines. In section 3 we present various explicit constructions and calculations in rational noncommutative gauge theory on the torus. In this case the Morita dual gauge theory can be taken to be ordinary Yang-Mills theory, in which we can perform calculations of self-intersecting loop correlators using combinatorial techniques. Our explicit nonperturbative expressions indeed do suggest the claimed shape dependence, and we present various supporting arguments for this claim. In section 4 we make some remarks concerning irrational noncommutative gauge

– 2 – theories. Although we cannot make progress with analytical determinations of loop correlators in this case, we can give a heuristic picture of irrational noncommutative Wilson loops as infinitely wound and self-intersecting contours in some dual gauge theory. In section 5 we then give an explicit realization of this infinite winding property, and derive a nonperturbative expression for the Wilson loop correlator on the noncommutative plane in this case which coincides with the result of resumming commutative planar diagrams in perturbation theory. Finally, in section 6 we summarize our findings and make some further remarks about the relation between our nonperturbative approach and existing perturbative calculations.

2. Morita equivalence of Wilson loops

In this section we will recall some basic features of two dimensional noncommutative Yang- Mills theory. When this theory is defined on a noncommutative torus, there exists a powerful tool to perform explicit computations called Morita equivalence. This is a duality that relates observables in the noncommutative gauge theory to observables in a dual gauge theory. When the noncommutativity parameter is a rational number, the equivalence can be arranged so that the dual theory is a commutative gauge theory and the standard techniques of ordinary Yang-Mills theory in two dimensions can be applied to compute quantum correlation functions.

Consider U(1) Yang-Mills theory defined on a square noncommutative torus T^2_θ with noncommutativity parameter θ ∈ R, so that [x^1, x^2]_⋆ = i θ with x = (x^1, x^2) local coordinates on the torus. The radius of T^2_θ is r^′ so that one has the identifications

x^μ ∼ x^μ + 2π r^′ , μ = 1, 2 . (2.1)

While the main features below will hold for general θ, we will mostly refer to the gauge theory with rational-valued dimensionless noncommutativity parameter of the form Θ = θ 2π r^{′ 2} = − c N with c, N relatively prime positive integers. The Yang-Mills action is given by S_{NCYM}[A] = 1 2g^{′ 2} � T^2_θ

d^2x (F + Φ)^2 , (2.2)

where the Yang-Mills field strength

F = ∂_1A_2 − ∂_2A_1 − i (A_1 ⋆ A_2 − A_2 ⋆ A_1) (2.3)

with ∂_μ = ∂/∂x^μ is defined in terms of the abelian noncommutative gauge field A_μ which has a Fourier series expansion

A_μ (x) = � q∈Z^2

a_{q;μ} e^{− i q·x/r ′} , a_{q;μ} ∈ C . (2.4)

Hermiticity of the gauge field requires a_{−q;μ} = a_{q;μ} . The star-product of fields is defined as

(f ⋆ g)(x) = f(x) exp � i θ 2 ϵ^{μν} ←− ∂_μ −→ ∂_ν � g(x) , (2.5)

and we have introduced a constant abelian background flux Φ.

– 3 –

Observables of noncommutative gauge theories are given by closed and open Wilson lines [22]. In this paper we will focus only on closed paths, whose corresponding Wilson lines are defined as O_⋆ (C) = � T^2_θ

d^2x U (x; C) , (2.6)

where C is a closed contour on T^2_θ with embedding ξ = (ξ^1, ξ^2) : [0, 1] → T^2_θ, ξ^μ (0) = ξ^μ (1) and U (x; C) = P_⋆ exp � i � C dξ^μ A_μ (x + ξ) �

= 1 + ∞� n=1 i^n

�_1 0 ds_1

�_{s1} 0 ds_2 · · ·

�_{sn−1} 0 ds_n ξ̇^{μ 1} (s_1) ξ̇^{μ 2} (s_2) · · ·ξ̇^{μ n} (s_n) ×

× A_{μ 1} � x + ξ(s_1) � ⋆ A_{μ 2} � x + ξ(s_2) � ⋆ · · · ⋆ A_{μ n} � x + ξ(s_n) � (2.7)

with ξ̇^μ (s) = dξ^μ (s)/ds is the noncommutative holonomy. The technique we will employ to compute noncommutative Wilson loop correlators is to implement Morita equivalence at the level of these observables in the case of a rational noncommutativity parameter where the target dual gauge theory is commutative, and use the known techniques [17] to compute the correlators in ordinary Yang-Mills theory. As we will see in the following, this procedure, though naively well-defined, is full of subtleties that need to be dealt with.

Generally, gauge Morita equivalence is a map between the noncommutative gauge theory with action given by (2.2) and a U(N) noncommutative gauge theory on another torus T^2_{θ̃} with m units of background magnetic flux whose parameters are related to those of the original theory by the action of an SL(2, Z) duality group [23]. Explicitly, the parameters of the two gauge theories are related as � m N � = � a b c d � � 0 1 � , Θ̃ = c + d Θ

a + b Θ , r̃ = |a + b Θ| r , g̃^2 = (a + b Θ) g^2 , Φ̃ = (a + b Θ)^2 Φ − b (a + b Θ) 2π r^2

, (2.8)

where a, b, c, d ∈ Z satisfy the Diophantine relation a d − b c = 1. These relations guarantee invariance of the Yang-Mills action under the Morita transformation.

For the particular case in which the original U(1) gauge theory has a rational-valued noncommutativity parameter Θ = −^c_N , the SL(2, Z) element above (having b = m, d = N) yields a vanishing Θ̃ and the dual theory is a commutative U(N) Yang-Mills theory with coupling constant g^2 = g^{′ 2} N (2.9)

defined on a torus of radius r = r^′ N (2.10)

– 4 – with a non-trivial magnetic flux. This relation will play an important role in the following, as it implies that the target torus is smaller than the original one since its area shrinks by a factor N^2. When considering Wilson loops on the torus, we will have to deal with this shrinking. We will be primarily concerned with this form of the duality, since some explicit nonperturbative computations can be done on the commutative torus. Moreover, since any irrational number is the limit of an infinite sequence of rational numbers, we expect that the results obtained in this way hold at general values of Θ, or equivalently that they are continuous functions of the noncommutativity parameter. In the following we will conventionally refer to the U(1) noncommutative gauge theory with primed variables and to its commutative Morita dual gauge theory with unprimed variables.

We will make use of Morita duality to compute correlators in the noncommutative gauge theory by computing their commutative counterparts. This idea has been exploited in [7]–[11] and it enables one to perform calculations very explicitly. To complete this program, we have to exhibit the transformation law of the observables under Morita duality. This problem has been solved in [19, 24]. For example, to the operator (2.6) we associate the commutative Wilson loop

O (C) = � T^2

d^2x Tr_N P exp � i � C dξ^μ A_μ (x + ξ) � , (2.11)

where Tr_N is the trace in the fundamental representation of the U(N) gauge group, and the commutative path-ordering operator P is defined as the analog of (2.7) with star-products replaced by ordinary matrix products and the noncommutative gauge fields A_μ by their commutative counterparts A_μ . The identification of the observables is then given by

O_⋆ (C) = N O (C) . (2.12)

As this equation is of fundamental importance to us, let us briefly review its derivation following [24].

Consider commutative pure U(N) gauge theory on T^2 with m units of background magnetic flux. A non-trivial flux implies that the gauge fields obey twisted boundary conditions on the torus. They are solved by the Fourier expansions

A_μ (x) = � q∈Z^2

a_{q;μ} Q^{−c q 1} P^{q2} e^{−π i c q 1 q2/N} e^{− i q·x/N r} , (2.13)

where P and Q are the usual shift and clock matrices of rank N which obey the commutation relation P Q = e^{2π i /N} Q P . The n^{th} term in the expansion of the Wilson loop observable N O(C) given by (2.11) then takes the form

i^n N

�_{2π r} 0 dx^1

�_{2π r} 0 dx^2 n� i=1 �_{si−1} 0 ds_i � q_i∈Z^2

ξ̇^μ i (s_i) a_{qi;μ i} ×

× Tr_N � Q^{−c q 1} P^{q21} · · · Q^{−c q 1n} P^{q2n}

�^n� i=1 e^{−π i c q 1i q2i /N} e^{− i q i·(x+ξ(si))/N r} , (2.14)

– 5 – where we have defined s_0 = 1. By using the commutation properties of the clock and shift matrices it follows that

Tr_N � Q^{−c q 1} P^{q21} · · · Q^{−c q 1n} P^{q2n} � = Tr_N � Q^{−c (q 1 +···+q1n)} P^{q21 +···+q2n} � e^−

2π i c N P i>j q^1_i q^2_j

. (2.15)

The trace on the right-hand side of this equation vanishes unless q^μ_1 + · · · + q^μ_n = q^μ N for some integers q^μ . If these conditions are satisfied, then since P^N = Q^N = 1_N the trace is equal to N. Finally, due to these momentum constraints the integrals over T^2 give Kronecker delta-functions, and we can thereby formally rewrite (2.14) as

i^n

�_{2π r} ′ 0 dx^1

�_{2π r} ′ 0 dx^2 n� i=1 �_{si−1} 0 ds_i � q_i∈Z^2

ξ̇^μ i (s_i) a_{qi;μ i} e^{− i q} i^{·ξ(s}i^{)/r′} e^{−π i c q 1}i^{q2}i^{/N} ×

× e^−

2π i c N P i>j q^1_i q^2_j

e^{− i (q 1 +···+q1n)x1/r′} ⋆ e^{− i (q 21 +···+q2n)x2/r′} . (2.16)

By repeatedly using the properties of the star-product, it is straightforward to recast (2.16) into the form

i^n

�_{2π r} ′ 0 dx^1

�_{2π r} ′ 0 dx^2 n� i=1 �_{si−1} 0 ds_i � q_i∈Z^2

ξ̇^μ i (s_i) a_{qi;μ i} ×

× e^{− i q 1·(x+ξ(s1))/r′} ⋆ · · · ⋆ e^{− i q n·(x+ξ(sn))/r′} (2.17)

which matches the n^{th} term in the expansion of (2.6).

It follows that the Morita correspondence between closed Wilson lines, unlike the case of open Wilson lines [19, 24], does not involve any transformation of the quantum numbers associated with the loop. Thus if we take a closed Wilson line in the noncommutative gauge theory which encloses an area ρ, then it maps into a closed Wilson line in the Morita equivalent commutative gauge theory with the same shape and the same area ρ, because in the steps that led to (2.12) the parametrization ξ(s) of the loop never played any role. But, because of the relation (2.10), while the area of the loop remains fixed, the area of the target torus is smaller. Thus the path can start to wind in a non-trivial way and in general self-intersections of the loop may appear in the dual gauge theory. While in the above analysis we have focused only on the particular case when the noncommutativity parameter is rational-valued, our conclusions concerning loop areas also hold in the more general case when Θ is an irrational number [19].

3. Dual loop correlators: rational case

In this section we will explicitly compute some noncommutative Wilson loop correlators. After choosing the closed path, we will apply Morita duality to the observable (2.6) thus mapping it into a Wilson loop on a new torus. Since the target torus is smaller, the dual Wilson loop can wind around the torus and self-intersect in a very non-trivial way. To keep the discussion as simple as possible and to provide concrete examples, we will restrict ourselves to the case where the noncommutativity parameter is a rational number and thus the target torus is a commutative space. We will describe the case of irrational Θ in the next section.

– 6 –

As we will find, the actual computation of the Wilson loop average depends heavily on the geometrical shape and orientation of the closed path in the original torus. As the area of the target torus is smaller than that of the original torus, under Morita equivalence a simple closed curve can transform into a rather intricate (self-intersecting) loop. In particular, it can happen that two contractible loops, of different shape but equal area, transform into two topologically inequivalent loops. The same is true of contours which have the same area and shape but different orientations on the torus. Paths which exhibit such behaviour can in principle have very different quantum averages. In this section we shall argue that this is indeed the case. We will focus on the behaviour of a loop of fixed area on a shrinking torus. A complete characterization of this phenomenon would take us deep into non-planar graph theory, which is beyond the scope of this paper. Instead, we will develop a working knowledge of this behaviour by discussing a necessary criterion for a path to become self-intersecting under Morita equivalence.

Consider a closed contractible path C with no self-intersections on a square torus of radius r. Let ξ = (ξ^1, ξ^2) : [0, 1] → T^2 be a parametrization of C. Introduce the two characteristic lengths

ℓ^μ (C) = sup_{s,s′∈[0,1]} � �ξ^μ (s) − ξ^μ (s^′ ) � � , μ = 1, 2 (3.1)

which measure the width and the height of the loop. Given a, b ∈ Z and Θ ∈ R, consider the behaviour of the path C as the torus shrinks to a torus of radius

r^{a,b}_c = |a + b Θ| r . (3.2)

If ℓ^1(C) and ℓ^2(C) are both smaller than r^{a,b}_c , then the path will not self-intersect on the dual torus. We thereby arrive at a necessary condition that the loop C should satisfy in order to self-intersect on the dual torus given by

ℓ^μ (C) ≥ r^{a,b}_c (3.3)

for μ = 1 or μ = 2. We stress that the bound (3.3) is not a sufficient condition. It is not difficult to draw loops that do indeed satisfy the bound (3.3) but do not self-intersect on the dual torus. In fact, a little practice with drawing loops on the torus shows how involved the task of providing necessary and sufficient conditions for self-intersections is.

Through Morita equivalence, we can compute quantum averages of Wilson loops on a noncommutative torus by mapping the observable to a smaller but commutative torus and then resorting to the known techniques of commutative Yang-Mills theory. But, according to (3.3), given a loop on the original torus, there exists a critical radius r^{a,b}_c such that the loop can become a self-intersecting closed contour on the target torus. In the Morita transformation to commutative gauge theory, the critical radius is r^{a,b}_c = r/N. We will now explore some of the physical consequences of this statement.

3.1 General construction In the previous section we have reduced the problem of evaluating a noncommutative Wilson loop correlator to the computation of its Morita dual correlator. We will now describe how this is done in practice. According to [17, 25, 26], the partition function of two-

– 7 – dimensional Yang-Mills theory on a torus T^2 (and more generally on any Riemann surface) can be conveniently evaluated through a combinatorial approach wherein one covers the surface with a set of simplices (plaquettes) and works with the lattice regularization of the original gauge theory . The continuum limit is recovered in the limit as the triangulation becomes finer. The partition function is invariant under subdivision of the lattice, and thus the lattice regularization provides a concrete definition of two dimensional quantum Yang- Mills theory. In the lattice gauge theory, the partition function is a sum over local factors associated to all of the plaquettes, which each have the topology of a disk. It is natural to associate to each plaquette D_λ the holonomies U_σ of a gauge connection A along its links L_σ . Gauge invariance requires that the local factor corresponding to each plaquette be a class function of the holonomies.

The local factors Γ(U_λ ; D_λ ) associated to each simplex D_λ of area ρ_λ are given by [25]

Γ(U_λ ; D_λ ) = � R_λ

dim R_λ e^{− g} 2 ρ λ 2 C_2(R_λ ) χ R_λ (Uλ ) , (3.4)

where the sum runs through all isomorphism classes of U(N) representations, C_2(R_λ ) is the second Casimir invariant of the representation R_λ , and χ_{Rλ} (U_λ ) = Tr_{Rλ} U_λ are the characters of the representation R_λ evaluated on the holonomy U_λ = � σ U_σ along the perimeter of the simplex D_λ with respect to a fixed orientation of its edges. The factors appearing in the formula (3.4) can be understood as follows. The representation dimension dim R_λ is a normalization factor which ensures that the holonomy around a loop of area ρ_λ approaches 1 as ρ_λ → 0. The characters appear since they form a basis for the vector space of class functions. Finally, the exponential factor is essentially the exponential of the Yang-Mills hamiltonian in the representation basis with g^2 the Yang-Mills coupling constant. For a more detailed account see [27].

Let us now consider the vacuum expectation value of a Wilson loop in ordinary Yang- Mills theory. It is defined by the functional integral

W_{C;R}(ρ_C ) = � DA e^{−S YM[A]} Tr_R P exp � i � C A � , (3.5)

where ρ_C is the area enclosed by the path C, S_{YM}[A] =^1_{2g2} � T^2 d

2x Tr_N F^2 is the Yang-Mills action functional, and we have explicitly indicated the dependence on the representation R of the character used to compute the holonomy of the connection A around the path C ⊂ T^2. In our case, the Wilson loop will always be taken to lie in the fundamental representation R = N of the U(N) gauge group.

The Wilson loop provides a natural division of the torus into plaquettes D_λ bounded by line segments L_σ (links in the lattice formulation) in which the loop is divided by its self-intersections. Each plaquette D_λ has area ρ_λ such that � λ ρ_λ = (2π r/N)^2 is the area of the Morita dual torus. In this way we can write (3.5) as

W_{C;R}(ρ_C ) = � σ � U(N)

[dU_σ ] � λ Γ (U_λ ; D_λ ) χ_R � U^{−1} � , (3.6)

– 8 – where U = � σ U_σ is the holonomy along the corresponding edges L_σ and [dU_σ ] is the invariant Haar measure on the U(N) gauge group. In (3.6) we have implicitly assumed that each plaquette has the topology of a disk. If this is not the case, then it suffices to consider a finer triangulation of the torus. For a simplex of different topology, the local factor (3.4) becomes [27]

Γ(U_λ ; D_λ ) = � R_λ

(dim R_λ )^{2−2h λ −b λ} e^{− g} 2 ρ λ 2 C_2(R_λ ) χ R_λ (Uλ ) (3.7)

when the simplex D_λ has h_λ handles and b_λ boundaries.

We can recast (3.6) in a simpler form by noticing that each group element U_σ representing the holonomy along the edge L_σ appears three times in the integral (once in the Wilson line insertion and once for each of the two simplices that has L_σ as part of its boundary). Thus if we denote by R_α (U)^a_b, a, b = 1, . . . , dim R_α the matrix representing the group element U in the representation R_α , then from the identity

χ_{Rα} � U U^′ � = R_α � U �_a b R_α � U^′

�_b a (3.8)

it follows that the computation of (3.6) reduces to the evaluation of integrals of the form � U(N)[dU] Rα (U) a b R_β (U)^c_d R_γ (U)^e_f . Such group integrals give information about the fusion numbers N^{Rγ}_{Rα Rβ} which count the multiplicity of the irreducible representation R_γ in the Clebsch–Gordan decomposition R_α ⊗ R_β = � R_γ N

R_γ R_α R_β Rγ . We can collect these

coefficients into factors associated with each vertex of the triangulation which combine into a local object. We may thereby write a final compact expression for the Wilson loop average as

W_{C;R}(ρ_C ) = � R_λ � ε_σ � λ (dim R_λ )^{2−2h λ −b λ} e^{− g} 2 ρ λ 2 C_2(R_λ ) � δ G_δ (R, R_λ ; ε_σ ) , (3.9)

where the index δ runs over all vertices of the lattice, while ε_σ runs over a basis for the vector space of intertwiners between the representations R_γ and R_α ⊗R_β . In the particular case that the vertex δ is four-valent, the local factor G_δ is a 6j-symbol [17, 27]. We will see explicitly how this works in some concrete examples below.

When the commutative gauge theory is related to noncommutative Yang-Mills theory on T^2_θ by Morita duality, one uses the global group isomorphism U(N) = U(1)×SU(N)/Z_N to cancel the U(1) contribution to the partition function by the background abelian gauge field generated in the Morita transformation (2.8) [7]. One is then left with an SU(N)/Z_N gauge theory in a certain discrete theta-vacuum [28] of ’t Hooft flux k = 0, 1, . . . , N which labels the isomorphism classes of principal SU(N)/Z_N bundles over the torus. The U(1) phases only contribute non-trivially when one sums over the topological sectors. For trivial bundles (k = 0), all formulas above hold using SU(N) representations in place of U(N) representations. For non-trivial bundles (k ≠ 0), one incorporates the background flux as follows. It contributes a factor exp( i � C α) to the Wilson loop average [19], where α is any abelian gauge potential that gives rise to the constant background flux Φ = dα. Then the

– 9 – dependence of the correlator (3.5) on the k units of magnetic flux follows from 1 2π � C α = 1 2π � Σ Φ = k N , (3.10)

where Σ = ∂C is any surface spanned by the loop C. When C contains self-intersections, one has to give a precise meaning to this integration. The path C admits a unique decomposition into simple closed paths as C = � i C_i. To obtain the appropriate flux factors one then splits the holonomy line integral over C into line integrals along the individual paths C_i and repeatedly applies (3.10). This modifies the characters in the above formulas by products of the characters χ_{Rλ} ( e^{2π i k/N} ) evaluated on elements in the center of the SU(N) gauge group.

3.2 Simple loops

We will now perform several explicit calculations in the rational noncommutative gauge theory. To illustrate the ideas in a somewhat general setting, we begin by comparing the Wilson loop correlators associated to two paths which have the generic forms depicted in figures 1 and 2 (The torus T^2 is throughout represented as a square of sides r with opposite edges identified). The paths enclose the same area ρ_1, but the second one satisfies the inequality (3.3).

Using (3.6) and (3.7) the first loop correlator can be associated with the formal expression

W^k_{C1;R}(ρ_1) = � R_1,R_2

dim R_1 dim R_2 e^{− g} 2 ρ 1 2 C_2(R_1)−^{g2 ρ 2}_2 C_2(R_2) χ R_1 � e^{2π i k/N} � × × � SU(N)

[dU_1] χ_{R1} (U_1) χ_{R2} � U^{−1}_1 � χ_R(U_1) = � R_1,R_2

dim R_1 dim R_2

N^{R2}_{R1R} e^{− g} 2 ρ 1 2 C_2(R_1 )−^{g2 ρ 2}_2 C_2(R_2) χ R_1 � e^{2π i k/N} � (3.11)

Figure 1: The path C_1. It is not affected by the shrinking of the torus.

Figure 2: The path C_2. It contains nontrivial self-intersections on the dual torus.

– 10 – with ρ_1 +ρ_2 = (2π r/N)^2, where we have performed the group integrals to obtain the fusion coefficients of the three representations. The irreducible representations R of SU(N) can be labelled by decreasing sets n^R = (n^R_1 , . . . , n^R_N ) of N integers, +∞ > n^R_1 > n^R_2 > · · · > n^R_N > −∞, which satisfy the linear Casimir constraint

�_N

a=1 n^R_a = 0. They determine the lengths of the rows of the corresponding Young tableaux. In particular, the integer �_{N−1}

a=1 n^R_a is the total number of boxes in the Young diagram describing R. In terms of these integers, the second Casimir invariant of R can be written as

C_2(R) = C_2 � n^R � = N� a=1 � n^R_a −

N − 1 2 �_2 − N 12 � N^2 − 1 � + � n^R_N

�_2 N , (3.12)

while the dimension of R can be expressed as the Vandermonde determinant

dim R = Δ � n^R � = � a<b � n^R_a − n^R_b � . (3.13)

To compute the fusion numbers, we use the Weyl formula for the SU(N) characters

χ_R(U) = χ_{nR} � e^{2π i λ} � = det 1≤a,b≤N � e^{2π i n Ra λ b} � Δ ( e^{2π i λ} )

, (3.14)

where e^{2π i λ} = ( e^{2π i λ 1} , . . . , e^{2π i λ N} ), λ_a ∈ [0, 1], a = 1, . . . , N are the eigenvalues of the unitary matrix U with

�_N a=1 λ_a = 0 mod Z. Then the integration over the group variables U can be transformed into an integration over the eigenvalues at the price of introducing a jacobian Δ( e^{2π i λ} )^2. With these identifications, we can finally write (3.11) for R = N the fundamental representation as

W^k_{C1;N} (ρ_1) = � n^R1 ,n^R2 Δ � n^{R1} � Δ (n^{R2} ) e^{− g} 2 ρ 1 2 C_2(n^{R1} )−^{g2 ρ 2}_2 C_2(n^{R2} ) e

2π i k N N−1P a=1 n^{R1}_a ×

× N� a=1 �_1 0 dλ_a δ

�_N � a=1 λ_a

�_N � c=1 e^{2π i λ c} ×

× det_{1≤a,b≤N} � e^{2π i n R1a λ b} � det 1≤a,b≤N � e^{2π i n R2a λ b} � . (3.15)

We will return to the evaluation of this expression in section 5.

The calculation is much different for the second path. Let us associate to the domains depicted in figure 3 the local factors (3.7) given by

Γ (U_1; D_1) = � R_1

dim R_1 e^{− g}

2 ρ ′ 1 2 C_2(R_1) χ R_1 (U2 U4) ,

Γ (U_2; D_2) = � R_2

dim R_2 e^{− g}

2 ρ ′ 2 2 C_2(R_2) χ R_2 � U_1 U^{−1}_4 U_3 U^{−1}_2 � ,

Γ (U_3; D_3) = � R_3 1 dim R_3 e^{− g}

2 ρ ′ 3 2 C_2(R_3) χ R_3 � U^{−1}_1 � χ_{R1} � U^{−1}_3 � , (3.16)

– 11 –

Figure 3: On the dual torus the loop C_2 looks like a non-trivial self-intersecting path.

where the dual area parameters obey ρ^′_1 + ρ^′_2 + ρ^′_3 = (2π r/N)^2 and 2ρ^′_1 + ρ^′_2 = ρ_1. The

last factor can be understood by regarding the contribution from the third simplex as a

cylinder amplitude whose initial and final states are parametrized by the holonomies U_1

and U_3. Then the general formula (3.6) for the path C_2 becomes

W^k_{C2;R}(ρ_1) = � R_1,R_2,R_3

dim R_1 dim R_2

dim R_3 e^{− g}

2 ρ ′ 1 2 C_2(R_1 )−^{g2 ρ ′2}_2 C_2(R_2)−^{g2 ρ ′3}_2 C_2(R_3) ×

× 4� σ=1 � SU(N)

[dU_σ ]χ_{R1} (U_2 U_4)χ_{R2} � U_1 U^{−1}_4 U_3 U^{−1}_2 � χ_{R3} � U^{−1}_1 � χ_{R3} � U^{−1}_3 � × × χ_R(U_1 U_2 U_3 U_4) χ_{R1} � e^{2π i k/N}

�_2

χ_{R2} � e^{2π i k/N} � , (3.17)

where the ’t Hooft flux factors arise from the decomposition of the holonomy integral � C_2 α = 4� σ=1 � L_σ α = � � L_1∪L^{−1}_4 ∪L_3∪L^{−1}_2 +2 � L_4∪L_2 � α (3.18)

and the line segment L_σ refers to the path labelled by the holonomy U_σ in figure 3. Thus

one of the central characters squares in (3.17). Employing the same SU(N) representation

machinery used to arrive at (3.15), we can rewrite (3.17) as

W^k_{C2;R}(ρ_1) = � n^{R1} ,n^{R2} ,n^{R3} Δ � n^{R1} � Δ � n^{R2} � Δ (n^{R3} ) e^{− g}

2 ρ ′ 1 2 C_2(n^{R1} )−^{g2 ρ ′2}_2 C_2(n^{R2} )−^{g2 ρ ′3}_2 C_2(n^{R3} ) ×

× 4� σ=1 � SU(N)

[dU_σ ] χ_{R1} (U_2 U_4)χ_{R2} � U_1 U^{−1}_4 U_3 U^{−1}_2 � χ_{R3} � U^{−1}_1 � χ_{R3} � U^{−1}_3 � ×

× χ_R(U_1 U_2 U_3 U_4) e

2π i k N N−1P a=1 (2n^{R1}_a +n^{R2}_a )

. (3.19)

– 12 –

This is as far as we can proceed with general expressions for the Wilson loop correlators (3.15) and (3.19). Superficially, these two analytic expressions look quite different. For example, while (3.15) depends only on the loop area ρ_1, the function (3.19) effectively depends on two independent areas, say ρ_1 and ρ^′_1. If the dependence on ρ^′_1 is non-trivial, then evidently the two loop correlators are distinct, even though in the original theory they enclosed the same area ρ_1. To perform a more direct comparison of these correlation functions and get an idea of the nature of this extra area dependence, let us simplify matters enormously by turning to the special example of SU(2) gauge theory. In this case we may appeal to various well-known angular momentum identities from the representation theory of the group SU(2) [29].

Irreducible representations R_j of SU(2) are labelled by an angular momentum quantum number j ∈^1_2 N_0. The dimension of R_j is given by dim R_j = 2j + 1, the quadratic Casimir invariant is C_2(R_j ) = j (j + 1), and the total number of boxes in the Young diagram representing R_j is 2j. The integrations over the group variables in (3.11) give the fusion numbers N^{j2}_{j1j} which count the multiplicity of the irreducible representations R_{j2} in the Clebsch–Gordan decomposition of R_{j1} ⊗ R_j. These coefficients are equal to 1 if |j_1 − j| ≤ j_2 ≤ j_1 + j and 0 otherwise. Thus we can write the quantum average (3.11) for SU(2) gauge group in the explicit form

W^k_{C1;j}(ρ_1) = � j_1∈^1_2 N_0 j_1+j�

j_2=|j_1−j|

(−1)^{2j1 k}

2j_1 + 1 2j_2 + 1 e^{− g} 2 ρ 1 2 j_1 (j_1+1)−^{g2 ρ 2}_2 j_2 (j_2+1) . (3.20)

Now let us rewrite the expression (3.17) by using the explicit form of the characters for SU(2) representations. In this case we can introduce as representation matrices the Wigner functions of angular momentum j, so that (3.8) becomes

χ_{Rj} � U U^′ � = D^j_{mm′} � U � D^j_{m′m} � U^′ � (3.21)

with −j ≤ m, m^′ ≤ j, where throughout we implicitly assume that repeated indices represented by lower case Latin letters are summed over. In this way we can better organize the integration over SU(2) group variables and write (3.17) as

W^k_{C2;j}(ρ_1) = � j_1,j_2,j_3∈^1_2 N_0

(−1)^{2j2 k}

(2j_1 + 1) (2j_2 + 1) 2j_3 + 1 ×

× e^{− g}

2 ρ ′ 1 2 j_1 (j_1+1)−^{g2 ρ ′2}_2 j_2 (j_2+1)−^{g2 ρ ′3}_2 j_3 (j_3+1) × × � SU(2)

[dU_1] D^{j2}_{a2b2} (U_1) D^{j3}_{a3a3} � U^{−1}_1 � D^j_{ab}(U_1) × × � SU(2)

[dU_2] D^{j1}_{a1b1} (U_2) D^{j2}_{d2a2} � U^{−1}_2 � D^j_{bc}(U_2) × × � SU(2)

[dU_3] D^{j2}_{c2d2} (U_3) D^{j3}_{b3b3} � U^{−1}_3 � D^j_{cd}(U_3) × × � SU(2)

[dU_4] D^{j1}_{b1a1} (U_4) D^{j2}_{b2c2} � U^{−1}_4 � D^j_{da}(U_4) . (3.22)

– 13 –

If we regard the path drawn in figure 3 as a triangulation of the torus as before, then each Wigner function D^j_{mm′} (U) is associated with an oriented edge of the triangulation, with the first index m representing the origin of the line segment and the second index m^′ representing its endpoint. The reason for this identification is that it is more convenient to understand the quantum average (3.22) as a product of contributions arising from the vertices of the triangulation, rather than as integrals over edge variables. This procedure implements the general construction of Section 3.1 and provides an explicit realization of the expression (3.9).

To this end we use the formula [29] �_{j1}

m_1 j_2 m_2 j_3 m_3

� �_{j1}

m^′_1 j_2 m^′_2 j_3 m^′_3 � = 2j_3 + 1 8π^2 � SU(2)

[dU] D^{j1}_{m1m′1} (U) D^{j2}_{m2m′2} (U) D^{j3}_{m3 m′3} (U) (3.23)

relating the integral over edge variables to a product of two Clebsch–Gordan coefficients, each one associated with an endpoint of the given edge. We can now perform the integration over group variables in (3.22) and collect together the Clebsch-Gordan coefficients associated to each vertex, which in the present case are all of valence 4. The crucial identity is [29] � m_1,m_2,m_3,m_{12},m_{23}

�_{j12}

m_{12} j_3 m_3 j m � �_{j1}

m_1 j_2 m_2 j_{12} m_{12}

� �_{j1}

m_1 j_{23} m_{23} j^′ m^′

� �_{j2}

m_2 j_3 m_3 j_{23} m_{23} � = = δ_{jj}′ δ_{mm}′ (−1)^{j1+j2+j3+j} � (2j_{12} + 1) (2j_{23} + 1)

�_{j1}

j_3 j_2 j j_{12} j_{23} � . (3.24)

We have introduced the classical Wigner 6j-symbol whose explicit form is provided by the Racah formula. We will not require this detailed expression here, except for noting that the square of the 6j-symbol in (3.24) is proportional to a product of completely symmetric combinatorial factors △(j_1, j_2, j_{12}) △(j_1, j, j_{23}) △(j_3, j_2, j_{23}) △(j_3, j, j_{12}) which are each non-vanishing only if the triangle inequality

△(j_1, j_2, j_3) : j_1 ≤ j_2 + j_3 , j_2 ≤ j_1 + j_3 , j_3 ≤ j_1 + j_2 , j_1 + j_2 + j_3 ∈ N_0 + 1 2 (3.25)

is obeyed by the corresponding angular momenta. In computing (3.22) the triangle inequalities imply that the average is non-zero only for half-integer spin j, in which case the loop correlator is given explicitly by

W^k_{C2;j}(ρ_1) = � 2j_2≥j+^1_2 � α<β α≠2

j_β +j�

jα =|jβ −j| j≤j α +jβ ∈N0

(−1)^{2j2 k}

(2j_1 + 1) (2j_2 + 1) 2j_3 + 1

�_j j j_1 j_2 j_2 j_3

�_2 ×

× e^{− g}

2 ρ ′ 1 2 j_1 (j_1+1)−^{g2 ρ ′2}_2 j_2 (j_2+1)−^{g2 ρ ′3}_2 j_3 (j_3+1) (3.26)

up to an irrelevant overall numerical factor.

The key point now is that the expressions (3.20) and (3.26), while bearing certain similarities, are very different. In particular, the correlator (3.26) appears to be a nontrivial function of the extra area ρ^′_1. After writing the areas of the second and third simplices as ρ^′_2 = ρ_1 − 2ρ^′_1 and ρ^′_3 = ρ_2 + ρ^′_1, we can differentiate (3.26) with respect to ρ^′_1

– 14 – to get

∂W^k_{C2;j}(ρ_1)

∂ρ^′_1 = − g^2 2 � 2j_2≥j+^1_2 � α<β α≠2

j_β +j�

jα =|jβ −j| j≤j α +jβ ∈N0

(−1)^{2j2 k}

�_j j j_1 j_2 j_2 j_3

�_2 ×

× e^{− g} 2 ρ 1 2 j_2 (j_2+1)−^{g2 ρ 2}_2 j_3 (j_3+1) e −^{g2 ρ ′1}_2 [j_1 (j_1+1)−2j_2 (j_2+1)+j_3 (j_3+1)] × × (2j_1 + 1) (2j_2 + 1) � j_1 (j_1 + 1) − 2j_2 (j_2 + 1) + j_3 (j_3 + 1) � 2j_3 + 1

. (3.27)

We have not been able to rigorously prove that this quantity is non-vanishing. But we have also not been able to find any angular momentum identities implying that it is 0, and we strongly doubt the existence of any such identity. Asymptotically, while the 6jsymbol has an exponential decay for certain configurations of large angular momenta [30], generically it has only a trigonometric behaviour for large j’s. When ρ^′_1 ≫ 0, one can construct an area-preserving diffeomorphism on the noncommutative torus which changes ρ^′_1 and therefore likely gives a different correlator on the commutative torus. Thus the convergent series (3.27) does not appear to produce a vanishing result. This heuristic argument is strong evidence in favour of the non-vanishing of the expression (3.27). We therefore propose that for the class of simple loops considered here, the corresponding Wilson averages are strongly dependent on the shapes and even the orientations of the contours on T^2_θ.

3.3 Circular loops

To explore further the shape and orientation dependence of rational noncommutative Wilson loops, let us now consider a more specific smooth path with the circular geometry of figure 4. Under Morita equivalence it is mapped to the complicated self-intersecting path of figure 5. Using the general formula (3.6), we must associate to each simplex D_λ , which

Figure 4: The circular loop on the original torus.

Figure 5: The self-intersecting path on the target torus into which the circular loop is mapped under the Morita transformation.

– 15 – in this case all have the topology of a disk, the local factor (3.4). We label the simplices and the corresponding edges, each with their proper orientation, as shown in figure 5. We take the Wilson loop in the representation R. With this notation, the circular Wilson loop correlator then reads

W^k_{◯;R} (ρ_1) = � R_1,...,R_8 8� λ=1 dim R_λ e^{− g}

2 ρ ′ λ 2 C_2(R_λ ) χ R_1 � e^{2π i k/N}

�_3 χ_{R2} � e^{2π i k/N}

�_2 × × χ_{R3} � e^{2π i k/N}

�_2

χ_{R4} � e^{2π i k/N}

�_2

χ_{R5} � e^{2π i k/N}

�_2 χ_{R6} � e^{2π i k/N} � × × χ_{R7} � e^{2π i k/N}

�^{16}� σ=1 � SU(N)

[dU_σ ] χ_{R1} (U_1 U_5 U_9 U_{14}) χ_{R2} � U_2 U_8 U^{−1}_5 � × × χ_{R3} � U_6 U_{12} U^{−1}_9 � χ_{R4} � U_{16} U^{−1}_{13} U_{10} � χ_{R5} � U_{14} U_4 U^{−1}_1 � × × χ_{R6} � U_{15} U^{−1}_{10} U^{−1}_{12} U_7 U^{−1}_2 U^{−1}_4 � χ_{R7} � U^{−1}_8 U_3 U^{−1}_{14} U^{−1}_{16} U_{11} U^{−1}_6 � × × χ_{R8} � U^{−1}_7 U^{−1}_{11} U^{−1}_{15} U^{−1}_3 � χ_R

�_{16} � σ=1 U_σ � (3.28)

where we have used � ◯ α = 16� σ=1 � L_σ α = � 3 � ∂D_1 +2 � ∂D_2 +2 � ∂D_3 +2 � ∂D_4 +2 � ∂D_5 + � ∂D_6 + � ∂D_7 � α (3.29) and the dual areas ρ^′_λ obey 8� λ=1 ρ^′_λ = � 2π r N �_2

, 4ρ^′_1 + 3ρ^′_2 + 3ρ^′_3 + 3ρ^′_4 + 3ρ^′_5 + 2ρ^′_6 + 2ρ^′_7 + ρ^′_8 = ρ_1 . (3.30)

As above, in order to be as explicit as possible we will limit the analysis to the case of an SU(2) gauge group. We write the characters in terms of Wigner functions and integrate over each group variable individually using (3.23). Then we collect together all Clebsch– Gordan coefficients relative to each vertex, which are again all of valence 4, to get

W^k_{◯;j} (ρ_1) = � j_1 ,...,j_8 ∈^1_2 N_0

(−1)^{2(j1 +j6 +j7 ) k} � (2j_1 + 1) (2j_6 + 1) (2j_7 + 1) (2j_8 + 1)

�_3 e^− 8P λ=1 g2 ρ ′λ

2 j_λ (j_λ +1)

× (3.31)

× �_{j1}

b_1 j b j_5 c_5

� �_{j1}

b_1 j e j_2 a_2

� �_{j5}

c_5 j e j_6 f_6

� �_{j2}

a_2 j b j_6 f_6

� �_{j1}

c_1 j f j_2 c_2

� �_{j2}

c_2 j i j_7 a_2

� �_{j3}

a_3 j f j_7 a_7

� �_{j1}

c_1 j i j_3 a_3 � × × �_{j1}

d_1 j q j_3 c_3

� �_{j3}

c_3 j m j_6 c_6

� �_{j4}

c_4 j q j_6 c_6

� �_{j1}

d_1 j m j_4 f_4

� �_{j1}

a_1 j n j_4 b_4

� �_{j4}

b_4 j a j_7 d_7

� �_{j5}

a_5 j n j_7 d_7

� �_{j1}

a_1 j a j_5 a_5 � × × �_{j2}

b_2 j c j_6 e_6

� �_{j6}

e_6 j h j_8 a_8

� �_{j7}

b_7 j c j_8 a_8

� �_{j2}

a_2 j h j_7 b_7

� �_{j3}

b_3 j g j_7 f_7

� �_{j7}

f_7 j l j_8 b_8

� �_{j6}

d_6 j g j_8 b_8

� �_{j3}

b_3 j l j_6 d_6 � × × �_{j4}

a_4 j r j_6 b_6

� �_{j6}

b_6 j p j_8 c_8

� �_{j4}

a_4 j p j_7 e_7

� �_{j7}

e_7 j k j_8 c_8

� �_{j5}

b_5 j o j_7 c_7

� �_{j7}

c_7 j d j_8 b_8

� �_{j6}

a_6 j o j_8 d_8

� �_{j5}

b_5 j d j_6 a_6 � , where except for the j’s all Latin indices are implicitly summed over. Each term in parentheses is the local representation of a self-intersection on the Morita dual circle. It can be written in a more compact way by repeatedly applying the formula (3.24), as well as various symmetry properties of the Clebsch-Gordan coefficients that can be found in [29], to convert four Clebsch-Gordan coefficients into a 6j-symbol. Up to an overall numerical

– 16 – factor one finally finds

W^k_{◯;j} (ρ_1) = � j_1,...,j_8∈D^j_◯

(−1)^{2(j1 +j6+j7) k} 8� λ=1 (2j_λ + 1) e^{− g}

2 ρ ′ λ 2 j_λ (j_λ +1) ×

× �_j j j_1 j_6 j_2 j_5

� �_j j j_1 j_7 j_3 j_2

� �_j j j_1 j_6 j_4 j_3

� �_j j j_1 j_7 j_5 j_4 � × × �_j j j_2 j_8 j_7 j_6

� �_j j j_3 j_8 j_6 j_7

� �_j j j_4 j_8 j_6 j_7

� �_j j j_5 j_8 j_6 j_7 � , (3.32)

where by the triangle inequalities the sum over spins is restricted to the range

D^j_◯ = � α=2,3,4,5 β=1,6,7

D^j_{jα jβ} ∪ � α=6,7

D^j_{j8jα} (3.33)

with

D^j_{jα jβ} = � |j_β − j| ≤ j_α ≤ j_β + j , j_α + j_β ≥ j , j + j_α + j_β ∈ N_0 + 1 2 � . (3.34)

In contrast to the intersecting Wilson loop average over the contour C_2 of Section 3.2, the correlator (3.32) is generically non-vanishing for all angular momenta j ∈^1_2 N_0.

3.4 Square loops

For our final explicit example, we will consider the case of the polygonal contour with the geometry of the square Wilson loop of figure 6. After a Morita transformation this loop is mapped into the loop of figure 7. This dual path is much more complicated than the previously considered dual circle, because the edges which bound the inner square of Fig. 7 are covered twice in computing the Wilson loop holonomy using the combinatorial construction of Section 3.1. Thus the group elements associated with these particular edges will appear four times in (3.6), twice because of the Wilson loop holonomy and once

Figure 6: The square loop on the original torus.

Figure 7: The square loop on the target torus. The edges that bound the inner square are covered twice by the loop.

– 17 –

Figure 8: The deformed square loop on the original torus.

Figure 9: The deformed square loop on the target torus. No edge is covered more than once.

for each of the two faces that are bounded by this edge due to (3.4). We would then need the generalization of the group integral (3.23) involving four group elements, but these generalizations are difficult to handle. Because of this technical difficulty, instead of computing the square Wilson loop of Fig. 6, we will perform an area-preserving deformation of the square contour as illustrated in figure 8. After a Morita transformation, this path is mapped to the loop of figure 9. Each simplex D_λ in this case has the topology of a disk. The condition that the loop of figure 8 encloses the same area as the loop of figure 6 implies for the areas ρ^′_λ of the simplices D_λ of figure 9 that

ρ^′_6 + ρ^′_7 = ρ^′_5 + ρ^′_8 . (3.35)

The deformed square Wilson loop correlator (3.6) in the commutative dual gauge theory thereby reads

W^k_{□;R} (ρ_1) = � R_1,...,R_8 8� λ=1 dim R_λ e^{− g}

2 ρ ′ λ 2 C_2(R_λ ) χ R_1 � e^{2π i k/N}

�_3

χ_{R2} � e^{2π i k/N} � × × χ_{R3} � e^{2π i k/N} � χ_{R5} � e^{2π i k/N}

�_2

χ_{R6} � e^{2π i k/N}

�_2

χ_{R7} � e^{2π i k/N}

�_2 × × χ_{R8} � e^{2π i k/N}

�_2^{12}� σ=1 � SU(N)

[dU_σ ]χ_{R1} (U_3 U_4 U_7 U_{12})χ_{R2} � U_{11} U^{−1}_9 U_5 U^{−1}_1 � × × χ_{R3} � U_2 U^{−1}_{10} U_8 U^{−1}_6 � χ_{R4} � U^{−1}_8 U^{−1}_{11} U^{−1}_2 U^{−1}_5 � χ_{R5} � U_1 U^{−1}_3 � × × χ_{R6} � U_6 U^{−1}_4 � χ_{R7} � U_9 U^{−1}_7 � χ_{R8} � U_{10} U^{−1}_{12} � χ_R

�_{12} � σ=1 U_σ � (3.36)

where we have used � □ α = 12� σ=1 � L_σ α = � 3 � ∂D_1 +2 � ∂D_5 +2 � ∂D_6 +2 � ∂D_7 +2 � ∂D_8 + � ∂D_2 + � ∂D_3 � α (3.37)

– 18 – and the dual areas ρ^′_λ obey, in addition to (3.35), the constraints 8� λ=1 ρ^′_λ = � 2π r N �_2

, 3ρ^′_1 + 2 8� λ=2 ρ^′_λ = ρ_1 . (3.38)

Again we take the gauge group to be SU(2) and follow our combinatorial procedure. Each group integration is performed by using the formula (3.23). Each edge contributes to (3.36) with a Clebsch–Gordan coefficient for each one of its endpoints. The sum over edges (holonomies) is converted into a sum over vertices (collections of Clebsch-Gordan coefficients). However, now each vertex of the triangulation depicted in figure 9 is of valence 6 and so will generally have associated to it a more complicated object than a 6j-symbol. By collecting the Clebsch-Gordan coefficients for each of the four vertices, the quantum average (3.36) becomes

W^k_{□;j} (ρ_1) = � j_1,...,j_8∈^1_2 N_0

(−1)^{2(j1+j2+j3) k} (2j_1 + 1) (2j_2 + 1) (2j_3 + 1) (2j_4 + 1)^3 e^− 8P λ=1 g2 ρ ′λ

2 j_λ (j_λ +1) × × �_{j5}

a_5 j a j_2 a_2

� �_{j1}

a_1 j c j_5 a_5

� �_{j1}

a_1 j a j_8 b_8

� �_{j8}

b_8 j b j_3 b_3

� �_{j3}

b_3 j c j_4 c_4

� �_{j2}

a_2 j k j_4 c_4 � A × × �_{j5}

b_5 j b j_2 d_2

� �_{j2}

d_2 j f j_4 d_4

� �_{j3}

a_3 j b j_4 d_4

� �_{j6}

a_6 j f j_3 a_3

� �_{j1}

b_1 j d j_6 a_6

�_{j1}

b_1 j d j_5 b_5 � B × × �_{j1}

c_1 j g j_7 a_7

� �_{j1}

c_1 j e j_6 b_5

� �_{j6}

b_6 j g j_3 d_3

� �_{j3}

d_3 j i j_4 a_4

� �_{j2}

c_2 j e j_4 c_4

� �_{j1}

c_1 j g j_2 c_2 � C × × �_{j1}

d_1 j h j_7 b_7

� �_{j7}

b_7 j q j_2 b_2

� �_{j2}

b_2 j l j_4 b_4

� �_{j3}

c_3 j h j_4 b_4

� �_{j8}

a_8 j q j_3 c_3

� �_{j1}

d_1 j l j_8 a_8 � D , (3.39)

where for later reference we have labelled each vertex contribution with an upper case Latin letter.

Let us now consider in more detail the individual vertex contributions in (3.39). Their computation relies on a number of angular momentum identities which can all be found in [29]. We begin with the vertex labelled ‘A’. The first three Clebsch-Gordan coefficients can be summed by using the formula � α,β,δ

�_a α b β c γ � �_d δ b β e ϵ � �_a α f ϕ d δ � = (−1)^{b+c+d+f} � (2c + 1) (2d + 1)

�_c γ f ϕ e ϵ � �_a e b f c d � , (3.40)

while the last three coefficients can be summed in a similar way thanks to the identity � α,β,δ

�_b β c γ a α � �_b β e ϵ d δ � �_a α f ϕ d δ � = (−1)^{a+b+e+f} � 2a + 1 2e + 1

(2d + 1)

�_c γ f ϕ e ϵ � �_a e b f c d � . (3.41)

The first three Clebsch-Gordan coefficients of the vertex labelled ‘B’ can be summed similarly by again applying (3.41), while the remaining Clebsch-Gordan contributions sum to Kronecker delta-functions according to the orthogonality relations � α,β �_a α b β c γ � �_a α b β c^′ γ^′ � = δ_{cc}′ δ_{γγ} ′ , � α,γ �_a α b β c γ � �_a α b^′ β^′ c γ � = 2c + 1 2b + 1 δ_{bb}′ δ_{ββ} ′ . (3.42)

The vertex C has the same structure as vertex A.

– 19 –

The final vertex D has a completely different structure. By means of the reflection identity �_a α b β c γ � = (−1)^{a−α} � 2c + 1 2b + 1

�_c γ a −α b β � (3.43)

its contribution can be rewritten as

(−1)^{j7−j 2+j8−j 3} � (2j_7 + 1) (2j_8 + 1) 2j + 1 × × �_j q j_7 b_7 j_2 b_2

� �_{j8}

a_8 j_1 −d_1 j l � �_{j2}

b_2 j l j_4 b_4

� �_j q j_8 a_8 j_3 c_3

� �_{j7}

b_7 j_1 −d_1 j h � �_{j3}

c_3 j h j_4 b_4 � . (3.44)

We can then apply the identity � α,β,...,ν

�_a α b β c γ � �_d δ e ϵ f ϕ � �_c γ f ϕ q ν � �_a α d δ g η � �_b β e ϵ h μ � �_g η h μ q ν � =

= � (2c + 1) (2f + 1) (2g + 1) (2h + 1) (2q + 1) � � � a d g

b e h

c f q

� � � (3.45)

to obtain a final expression for the contribution from vertex D in terms of 9j-symbols of the second kind.

By grouping together all of these contributions, the deformed square Wilson loop correlator (3.39) thus becomes

W^k_{□;j} (ρ_1) = � j_1,...,j_8∈^1_2 N_0

(−1)^{2(j1+j2+j3) k} δ_{j5j6} δ_{j6j5} δ_{a5b6} δ_{b6 a5} e^− 8P λ=1 g2 ρ ′λ

2 j_λ (j_λ +1) ×

× (2j_1 + 1) (2j_4 + 1) (2j_7 + 1) (2j_8 + 1) � 2j_5 + 1 2j_6 + 1 × × �_{j8}

b_8 j c j_2 a_2

� �_{j8}

b_8 j c j_2 a_2

� �_{j7}

a_7 j e j_3 d_3

� �_{j7}

a_7 j e j_3 d_3

� � j_{j8}

j_3 j_7 j_1 j j_2 j j_4 � × × �_{j1}

j_2 j j j_8 j_5

� �_{j3}

j_2 j j j_8 j_4

� �_{j2}

j_3 j j j_5 j_4

� �_{j2}

j_3 j j j_7 j_4

� �_{j1}

j_3 j j j_7 j_6 � . (3.46)

We can rewrite this expression in a manner which resembles more closely the circular Wilson loop correlator (3.32) by expressing the 9j-symbol in terms of 6j-symbols, at the price of having to introduce an additional angular momentum sum. This is accomplished via the identity

�_{jj} 8 j_3 j_7 j_1 j j_2 j j_4 � = � j_9∈^1_2 N_0

(−1)^{3j+j1+j2+j3+j4+j7+j8+2j9} (2j_9 + 1)

�_j j j_3 j_7 j_9 j_8

� �_{j7}

j_4 j j_2 j_9 j_1

� �_{j2} j j_4 j_3 j_9 j � . (3.47) Doing the implicit sums left over in (3.46) then gives the final form

W^k_{□;j} (ρ_1) =

4j−1�

2j_4=0 � j_1,...,j_9∈D^j_□

(−1)^{(j1 +j2+j3) (2k+1)+3j+j4+j7+j8+2j9} 9� α=1 α≠6

(2j_α + 1) ×

– 20 –

× e^{− g}

2 (ρ ′ 5+ρ ′ 6) 2 j_5 (j_5+1) 8� λ=1 λ≠5

e^{− g}

2 ρ ′ λ 2 j_λ (j_λ +1) ×

× �_{j1}

j_2 j j j_8 j_5

� �_{j3}

j_2 j j j_8 j_4

� �_{j2}

j_3 j j j_5 j_4

� �_{j2}

j_3 j j j_7 j_4 � × × �_{j1}

j_3 j j j_7 j_6

� �_j j j_3 j_7 j_9 j_8

� �_{j7}

j_4 j j_2 j_9 j_1

� �_{j2} j j_4 j_3 j_9 j � , (3.48)

where by the triangle inequalities the sum over spins is restricted to the range

D^j_□ = D^{j1}_{j2j7} ∪ D^{j2}_{j4j9} ∪ D^j_{j1j6} ∪ D^j_{j2j3} ∪ � α=4,5,7,8 β=1,2,3

D^j_{jα jβ} ∪ � α=3,8

D^j_{j9jα} . (3.49)

We can now compare (3.48) with the circular Wilson loop correlator (3.32) that encloses the same area ρ_1 as the square on the original torus. Again, while bearing some similarities, the two formulas have a very different angular momentum structure and a different functional dependence on the areas involved. It is thus very likely that they are different. Of course this is not a rigorous proof that the two expressions obtained are really not equal, and to accomplish this one should perform the sum over all angular momenta. Unfortunately it is very difficult to handle these sums analytically.

These calculations can be straightforwardly generalized to more complicated polygonal contours on T^2_θ. The differences will lie in the nature of the corresponding triangulation of the dual torus. The generic contribution from a local vertex will involve a 3nj-symbol of the second kind, which can be represented as a sum over products of n 6j-symbols [29]. The higher the valencies of these vertices the more angular momentum sums that are introduced, yielding apparently distinct expressions for the corresponding loop correlators. This is evident even in the additional area dependences that the self-intersecting contours contain. While in principle the dual areas ρ^′_λ depend on the original area ρ_1 and the rank N of the Morita dual commutative gauge theory, an infinitesimal total area-preserving variation of the parameters ρ^′_λ generally produces a non-vanishing result and accounts for the distinct correlation functions obtained.

The claimed shape dependence of Wilson loops on the noncommutative torus is much more drastic than on the noncommutative plane [15, 16]. For example, it is clear that a circular contour and an ellipsoidal contour can produce distinct loop correlators, even though the two loops can be mapped into one another by a unimodular linear transformation. This can be understood from the fact that the global U(∞) group of area-preserving diffeomorphisms on T^2 is different from that on R^2 [31]. Because of the smaller invariance group on T^2, rotational symmetry is lost. Thus the loop correlators depend crucially on the orientation in the torus and other geometrical factors in addition to the shape of the contour. A similar feature has been observed numerically in the lattice regularization of the noncommutative gauge theory [5]. Within the present combinatorial approach, the shape dependence of closed Wilson line correlators is understood through an intricate graph theoretic problem. Note that, conversely, an intricate self-intersecting Wilson loop described by a graph in commutative non-abelian gauge theory can be mapped to a simple Wilson

– 21 – loop in U(1) noncommutative gauge theory. The self-intersections can be thought of as being absorbed into the noncommutativity of spacetime, in much the same way that the rank N can.

4. Dual loop correlators: irrational case

Let us now examine the general form of Morita equivalent loop correlators that arises when the noncommutativity parameter Θ is an irrational number. In this case, the target theory is necessarily another noncommutative gauge theory. This dual gauge theory is once again defined on a torus whose size r̃ depends on the noncommutativity parameter as prescribed in (2.8). This means that as we go from our original noncommutative gauge theory to its Morita dual, the size of the torus may change drastically. More precisely, we recall that to every Morita equivalence parameterized by SL(2, Z) integers a, b, c, d, there exists a critical radius r^{a,b}_c given by (3.2) which is associated to each path such that if the radius of the target torus r̃ is smaller than r^{a,b}_c , then the path can self-intersect in the dual gauge theory. Whether or not self-intersections actually occur depends on the shape of the path itself, as well as on its width, length and orientation. The key point is that, if the noncommutativity parameter is irrational-valued, then the critical radius r^{a,b}_c can be made vanishingly small. This is a consequence of the well-known number theoretic property [32] that, given Θ ∈ R \ Q, the subset Z + Z Θ = {a + b Θ | a, b ∈ Z} is dense on the real line R. In particular, given any ε > 0, we can always find a, b ∈ Z such that |a + b Θ| < ε and hence r^{a,b}_c < ε r. In other words, since the area of a closed Wilson line does not change under a Morita transformation, any Wilson loop in irrational noncommutative Yang-Mills theory is dual to a Wilson loop with arbitrarily many self-intersections and windings around the torus. This gives a combinatorial picture of irrational Wilson loops as densely wound and interesecting loops on arbitrarily small tori.

On more heuristic grounds, we can rephrase our argument as follows. Let us take Θ ∈ R \ Q and approximate it by a sequence of rational numbers as

Θ = − lim_{n→∞} c_n N_n

, (4.1)

where both sequences of integers c_n and N_n tend to infinity such that their ratio is held fixed in the limit. For every fixed n, we can choose a Morita transformation such that r^{an,bn}_c = r/N_n. In the limit n → ∞, one has r^{an,bn}_c → 0. With ℓ^μ (C) the characteristic lengths associated with the path C which we introduced in (3.1), it follows that it is always possible to find a bound of the form (3.3). In other words, whenever Θ is an irrational number, there is a target torus on which the given path self-intersects and winds an (uncountably) infinite number of times. Recalling the analysis of the previous section, we see that the apparent violation of invariance under area-preserving diffeomorphisms is in fact due to the self-intersecting nature of dual Wilson loops. Differently shaped loops can have drastically different self-intersection and winding images under the same Morita transformation.

– 22 –

This self-intersecting property presents a serious technical obstruction to obtaining exact nonperturbative expressions for correlation functions of irrational noncommutative Wilson loops. In particular, the loop functional is not a smooth function of θ, and the geometrical path parameters display a drastic change under Morita equivalence. It is thus not clear what a Morita duality-invariant expression for closed Wilson line correlators should look like. However, there is a natural and obvious regime in which exact results can be obtained. If one considers a certain double scaling limit in which the area enclosed by the Wilson loop vanishes faster than the area of the target torus, then the dual Wilson loop will be of the same (non-intersecting) type. This particular limit is the topic of the next section.

5. Loop correlators in the double scaling limit

In this section we will compute a particular class of noncommutative loop correlators that can be consistently obtained through the use of Morita equivalence. Consider a loop winding n times around itself and encircling an area ρ_1. As in section 3.2, the area outside the loop is denoted ρ_2 so that the total area of the torus is (2π r^′ )^2 = ρ_1 + ρ_2. Having in mind the picture of noncommutative Wilson loops drawn out in the previous section, we will take the limit n → ∞ with the product n^2 ρ_1 = λ held fixed. Because the loop area can be taken arbitrarily small in the r̃ → 0 limit required to induce gauge theory on the noncommutative plane [7], the final result should be consistent with the known expression obtained by resumming the small loop area perturbation series on R^2 [13].

Our starting point is the general expression (3.11) for the Wilson loop correlator in the k^{th} topological sector of the dual SU(N) gauge theory on T^2. For the representation R we take R = N^{⊗n} which, since χ_{N ⊗n} (U) = χ_N (U^n), describes a Wilson loop in the fundamental representation with n windings. We will compute the corresponding normalized correlation function

W^k_n(ρ_1) =

W^k_{C1;N ⊗n} (ρ_1) N Z_k

, (5.1)

where

Z_k = � R e^{− g}

2 (ρ

1+ρ 2)

2 C_2(R) χ R � e^{2π i k/N} � (5.2)

is the partition function of Yang-Mills theory on the torus in the k^{th} ’t Hooft sector. As in (3.15), the required Clebsch–Gordan coefficients can be computed from the explicit expression

N^{R2}_{R1N ⊗n} = N� a=1 �_1 0 dλ_a δ

�_N � a=1 λ_a

�_N � c=1 e^{2π i n λ c} ×

× det_{1≤a,b≤N} � e^{2π i n R1a λ b} � det 1≤a,b≤N � e^{2π i n R2a λ b} � . (5.3)

– 23 –

It is convenient to introduce integers l^{Ri}_N , i = 1, 2 through the identities

1 = 1 √ π �_1 0 dα_i ∞� l^{Ri}_N =−∞

e^{−(2π)}

2 �_{α i− 1} N N−1P a=1 n^{Ri}_a −l^{Ri}_N

�_2

, (5.4)

and to change summation variables from Young tableau boxes to integers l^{Ri}_a , a = 1, . . . , N − 1 and l^{Ri} defined by [33]

l^{Ri}_a = n^{Ri}_a + l^{Ri}_N − a + N , l^{Ri} = N� a=1 l^{Ri}_a . (5.5)

In terms of these new integers, the quadratic Casimir invariant and dimension of the representation R_i are given by

C_2 (R_i) = C_2 � l^{Ri} � = N� a=1 � l^{Ri}_a − l^{Ri} N �_2 − N 12 � N^2 − 1 � , dim R_i = Δ � l^{Ri} � . (5.6)

By exploiting the complete symmetry of the correlator in the summation integers we thereby arrive at the expression

W^k_n(ρ_1) = 1 N Z_k 1 (2π)^N π (N!)^2 N� a=1 �_1 0 dλ_a δ

�_N � a=1 λ_a

�_N � c=1 e^{2π i n λ c} ×

× � l^{R1} ,l^{R2} Δ � l^{R1} � Δ � l^{R2}

�e^{− g} 2 ρ 1 2 C_2(l^{R1} )−^{g2 ρ 2}_2 C_2(l^{R2} )e 2π i k l^{R1} /N N� a=1 e^{2π i}

�_{lR2a −l R1a} �_{λ a} ×

× �_1 0 dα_1 e^{−(2π) 2}

�_{α 1− lR1} N �_2 �_1 0 dα_2 e^{−(2π) 2}

�_{α 2− lR2} N �_2

. (5.7)

Expressing the delta-function as a Fourier series and integrating over α_1, we convert this expression into the form

W^k_n(ρ_1) = 1 N Z_k 1 (2π)^N √ π (N!)^2 N� a=1 �_1 0 dλ_a N� c=1 e^{2π i n λ c} ×

× � l^{R1} ,l^{R2} Δ � l^{R1} � Δ � l^{R2}

�e^{− g} 2 ρ 1 2 C_2(l^{R1} )−^{g2 ρ 2}_2 C_2(l^{R2} )e 2π i k l^{R1} /N N� a=1 e^{2π i}

�_{lR2a −l R1a} �_{λ a} ×

× �_1 0 dα e^{−(2π) 2}

�_{α− lR2} N �_2

. (5.8)

We use the complete symmetry again to now fix the summation index c = 1, which produces an additional factor of N. The λ_a integrals can now be performed explicitly giving the constraints l^{R1}_a = l^{R2}_a , a ≠ 1 and l^{R1}_1 = l^{R2}_1 + n. This leads to our final explicit

– 24 – result

W^k_n(ρ_1) = 1 √ π N! Z_k e^{− g}

2 n2 ρ 1 2 (1−^1_N ) � n Δ(n_1 + n, n_2, . . . , n_N ) Δ(n) e^{− g}

2 (ρ 1+ρ 2)

2 C_2(n) ×

× e^−

g2 ρ 1 2 �_{2n n1− 2n} N NP a=1 n_a � e 2π i k N NP a=1 n_a � 1 0 dα e^{−(2π)}

2 �_{α− 1} N NP a=1 n_a

�_2

. (5.9)

We can check the normalization here by observing that these same steps can be used to write the partition function (5.2) as

Z_k = 1 √ π N! � n e^{− g}

2 (ρ

1+ρ 2)

2 C_2(n) e

2π i k N NP a=1 n_a � 1 0 dα e^{−(2π)}

2 �_{α− 1} N NP a=1 n_a

�_2

. (5.10)

Thus our conventions imply the normalization condition W^k_0 (ρ_1) = 1.

Let us now take the n → ∞ limit. For this, we insert the explicit expression for the Vandermonde determinant (3.13) to recast (5.9) as

W^k_n(ρ_1) = 1 √ π N! Z_k � n e^{− g}

2 (ρ

1+ρ 2)

2 C_2(n) e

2π i k N NP a=1 n_a � 1 0 dα e^{−(2π)}

2 �_{α− 1} N NP a=1 n_a

�_2 ×

× e^−

g2 ρ 1 2 �_{n2 (1− 1}

N )+2n n_1−^{2n}_N^N P a=1 n_a

�_{N−1} � m=0 (N − 1)!

(N − 1 − m)!

m+1� j=2 n^m n_1 − n_j

. (5.11)

We thus obtain a Laurent series in^1_n from expanding the exponential term to get

W^k_n(ρ_1) = 1 √ π N! Z_k � n e^{− g}

2 (ρ

1+ρ 2)

2 C_2(n) e

2π i k N NP a=1 n_a � 1 0 dα e^{−(2π)}

2 �_{α− 1} N NP a=1 n_a

�_2 ×

× ∞� l=0 N−1� m=0 l� p=0 (N − 1)!

(N − 1 − m)!

n^{m−l} � −g^2 λ

�_l

p! (l − p)! ×

× � − 1 N N� a=1 n^2_a

�_{l−p m+1} � j=2 n^p_1 n_1 − n_j e^{− g} 2 λ 2 (1−^1_N ) , (5.12)

where λ = n^2 ρ_1. The very same structure appears in the computation of n-winding Wilson loops on the sphere [33] and it is clear that this result generalizes to arbitrary genus Riemann surfaces. Let us thus proceed as in [33].

First of all, we observe that (5.12) is actually an expansion in^1_{n2} . This point can be understood by changing n → −n, which produces an overall factor (−1)^{m−l} weighting the sum over n. This implies that m − l must be an even integer in order to contribute a non-vanishing result. It is useful to now rewrite the sum over n for fixed l, m, p as 1 (m + 1)! � n∈Z^N

e^−

g2 (ρ 1+ρ 2) 2 NP a=1 n^2_a � − 1 N N� a=1 n^2_a

�_{l−p} � π∈S_{m+1}

m+1� j=2 n^p_{π(1)} n_{π(1)} − n_{π(j)}

. (5.13)

– 25 –

Let us evaluate the zeroth-order contribution to (5.12). For l = p = m one can write the sum over permutations as � π∈S_{m+1}

m+1� j=2 n^m_{π(1)} n_{π(1)} − n_{π(j)} = 1 Δ(n_1, . . . , n_{m+1}) � π∈S_{m+1}

f_π (n_1, . . . , n_{m+1}) , (5.14)

where the Vandermonde determinant arises from the common denominator and the quantity � π∈S_{m+1} fπ (n1, . . . , nm+1) is a polynomial of degree 1 2 m (m + 1) in m + 1 variables.

Since the Vandermonde determinant Δ(n_1, . . . , n_{m+1}) is completely antisymmetric in its arguments, the non-vanishing contribution to (5.13) comes from the completely antisymmetric part of � π∈S_{m+1} fπ (n1, . . . , nm+1) implying that � π∈S_{m+1}

f_π (n_1, . . . , n_{m+1}) = C Δ(n_1, . . . , n_{m+1}) . (5.15)

The proportionality constant is easily found by inspection to be C = 1. It is not difficult to prove that the potentially divergent contributions in the limit n → ∞, coming from the terms with l < m in (5.12), vanish. For this, we again use (5.13) to notice that we can still factorize a Vandermonde determinant in the denominator as in (5.14), but now � π∈S_{m+1} fπ (n1, . . . , nm+1) is a polynomial of degree less than 1 2 m (m+1) in m+1 variables because p < m. Its completely antisymmetric part thus vanishes.

In this way we arrive finally at

W_∞ � g^2 λ � = lim_{n→∞} W^k_n � λ n^2 � = e^{− g2 λ2} (^{1− 1N} )

N−1� m=0 (N − 1)!

(N − 1 − m)! � −g^2 λ

�_m

m! (m + 1)!

. (5.16)

Corrections to this formula are of order^1_{n2} . Note that the partition function cancels in this limit. The Wilson loop average can be expressed in terms of a generalized Laguerre polynomial as W_∞ � g^2 λ � = 1 N e^{− g2 λ2} (^{1− 1N} ) L^1_{N−1} � g^2 λ � . (5.17)

Rather remarkably, this result coincides with the analogous result for Yang-Mills theory on the sphere. In fact, it is completely independent of the genus of the original Riemann surface. Differences would appear only at sub-leading order in^1_{n2} .

At this point we can take the large N limit to reach gauge theory on the noncommutative plane. The noncommutative Yang-Mills coupling constant in this case is defined through g^2 = Θ ĝ^2 = ĝ^2/N, and the Wilson loop correlator can be expressed in terms of a Bessel function as

Ŵ_∞ �ĝ^2 λ� = lim_{N→∞} W_∞ � ĝ^2 λ N � = J_1 � 2 � ĝ^2 λ � � ĝ^2 λ

. (5.18)

This expression coincides exactly with the result obtained, at this order, by resumming the perturbation series [13]. The coincidence of the correlator of the noncommutative Wilson loop in the present limit with that of the commutative Wilson loop obtained by

– 26 – resumming planar diagrams confirms the general expectation [5] that noncommutativity modifies only large area Wilson loops. For small loops the usual commutative behaviour at large N is recovered, while large area loops become complex-valued [5]. The double scaling limit we have considered in this section effectively singles out small area loops. The fact that noncommutativity only modifies the long wavelength behaviour of Wilson loops is indicative of some nonperturbative form of UV/IR mixing. This mixing only affects the closed Wilson line observables of the noncommutative gauge theory and is another manifestation of the loss of invariance under area-preserving diffeomorphisms. Note that the present double scaling limit “zooms in” on only a very small portion of the torus, so that the final correlator in the limit is completely independent of any global properties of the two-dimensional spacetime. This small area limit is equivalent to the limit θ = ∞, as one might have naively expected, and therefore eliminates all higher order traces of the 1 θ -expansion.

6. Summary and discussion

In this paper we have explored new aspects of the shape dependence of Wilson loop correlators on a two-dimensional noncommutative torus. Because of the non-trivial topology and the compactness of the spacetime, correlation functions associated to loops C of the same area apparently depend not only on their shape but also on their characteristic lengths ℓ^μ (C) defined in (3.1) (i.e. their heights and widths) and on their orientation in the torus. We illustrated this dependence through several explicit calculations using Morita equivalence along with a combinatorial approach. From our perspective the observed breaking of invariance of Wilson loop correlators under area-preserving diffeomorphisms of the two-dimensional spacetime may be attributed to the wrapping and self-intersecting nature of Morita dual Wilson loops. Only those contours whose images under Morita equivalence lead to isomorphic non-planar graphs will give rise to identical correlation functions. In irrational noncommutative gauge theory, there always exist dual loops which wind infinitely many times around the torus. Motivated by this picture, we have also explicitly computed an infinitely wound Wilson loop correlator. Since the limit of infinite winding considered corresponds to small loop area, our results agree with those obtained by resumming planar diagrams in commutative gauge theory, the planarity arising essentially as a combined large N and large θ effect. This limit also eliminates the non-perturbative topological degrees of freedom which are expected to restore the usual large N Gross–Witten area law behaviour [20] for small noncommutative Wilson loops.

It is interesting to examine in the present context the perturbative anomaly that comes from the contribution of the non-planar diagram of order ĝ^4 to the average of the noncommutative Wilson loop on R^2 [15]. The leading term in the^1_θ expansion of the correlator is proportional to ĝ^4 ρ^2_1 in our notation, and thus it survives the limit θ → ∞ due to the singular infrared behaviour of the gauge propagator in two dimensions. This term appears to be in conflict with both general arguments of noncommutative perturbation theory [34] and with the representation of noncommutative gauge theories via large N twisted reduced

– 27 – models [18]. However, the anomalous term vanishes in the double scaling limit considered in section 5 and so does not show up in our calculations which capture the entire small loop area perturbation series.

There may be yet another way to eliminate this anomalous behaviour. We offer the following argument only as a somewhat speculative conjecture at this stage. The perturbative calculations [15] which unveil this anomalous term are performed in the axial gauge where the self-interactions of the gauge field disappear. As is well-known, the axial gauge is forbidden on the torus (or on any spacetime of non-trivial topology) due to the existence of topologically non-trivial field configurations (transforming under large gauge transformations) which yield non-trivial Polyakov loops along the axial direction. In commutative gauge theory on R^2 only topologically trivial gauge fields exist (transforming under gauge transformations connected to the identity) and there is no problem with the axial gauge choice. However, this is not the case for gauge theory on the noncommutative plane. In contrast to the commutative situation the gauge theory now contains topologically non-trivial backgrounds called fluxons [35, 36] owing to the fact that R^2_θ has, like the torus, a non-trivial K-theory group. The fluxons can be regarded [37] as the surviving degrees of freedom left over from the usual instanton configurations in the limit where one decompactifies the noncommutative torus onto the noncommutative plane. An L-fluxon solution is labelled by a set of moduli λ_1, . . . , λ_L ∈ R^2, which specify the locations of the vortices on the plane, and by a collection of magnetic charges m_1, . . . , m_L ∈ Z. One can compute the semi-classical average of an open Wilson line operator along a straight infinite contour pointing in a direction ê of R^2 in the fluxon background with the result [36] W_{open}(ê) =

�_L a=1 e^{i ê·λa} (independently of the vortex charges). Generically, this expectation value cannot be trivialized by any noncommutative gauge transformation and the correlator thus presents an obstruction to choosing the axial gauge. Axial gauge choices are also forbidden in the lattice regularization of noncommutative Yang-Mills theory due to UV/IR mixing [21]. This fact suggests that the observed anomalous behaviour of noncommutative Wilson loops could be due to the choice of a wrong vacuum, and that the correct perturbative calculation should instead expand about the background of a fluxon. It would be interesting to investigate this point further.

Acknowledgments

We thank A. Bassetto, Y. Makeenko and F. Vian for helpful discussions. The work of M.C. and R.J.S. was supported in part by PPARC Grant PPA/G/S/2002/00478 and by the EU-RTN Network Grant MRTN-CT-2004-005104. The work of R.J.S. was supported in part by a PPARC Advanced Fellowship.

References

[1] A. Konechny and A. Schwarz, Introduction to M(atrix) theory and noncommutative geometry, Phys. Rept. 360 (2002) 353 [hep-th/0012145].

[2] M.R. Douglas and N.A. Nekrasov, Noncommutative field theory, Rev. Mod. Phys. 73 (2001) 977 [hep-th/0106048].

– 28 –

[3] R.J. Szabo, Quantum field theory on noncommutative spaces, Phys. Rept. 378 (2003) 207 [hep-th/0109162].

[4] M. Alishahiha, Y. Oz and M.M. Sheikh-Jabbari, Supergravity and large-N noncommutative field theories, JHEP 11 (1999) 007 [hep-th/9909215].

[5] W. Bietenholz, F. Hofheinz and J. Nishimura, The renormalizability of 2D Yang-Mills theory on a non-commutative geometry, JHEP 09 (2002) 009 [hep-th/0203151].

[6] W. Bietenholz et al., Numerical results for U(1) gauge theory on 2d and 4D non-commutative spaces, Fortschr. Phys. 53 (2005) 418 [hep-th/0501147].

[7] L. Griguolo, D. Seminara and P. Valtancoli, Towards the solution of noncommutative Y M_2:

Morita equivalence and large-N-limit, JHEP 12 (2001) 024 [hep-th/0110293].

[8] L.D. Paniak and R.J. Szabo, Instanton expansion of noncommutative gauge theory in two dimensions, Commun. Math. Phys. 243 (2003) 343 [hep-th/0203166].

[9] A. Bassetto and F. Vian, Wilson line correlators in two-dimensional noncommutative Yang-Mills theory, JHEP 10 (2002) 004 [hep-th/0207222].

[10] L.D. Paniak and R.J. Szabo, Open wilson lines and group theory of noncommutative Yang-Mills theory in two dimensions, JHEP 05 (2003) 029 [hep-th/0302162].

[11] L. Griguolo and D. Seminara, Classical solutions of the TEK model and noncommutative instantons in two dimensions, JHEP 03 (2004) 068 [hep-th/0311041].

[12] A. Bassetto, G. Nardelli and A. Torrielli, Perturbative Wilson loop in two-dimensional non-commutative Yang-Mills theory, Nucl. Phys. B 617 (2001) 308 [hep-th/0107147].

[13] A. Bassetto, G. Nardelli and A. Torrielli, Scaling properties of the perturbative Wilson loop in two-dimensional non-commutative Yang-Mills theory, Phys. Rev. D 66 (2002) 085012 [hep-th/0205210].

[14] H. Dorn and A. Torrielli, Loop equation in two-dimensional noncommutative Yang-Mills theory, JHEP 01 (2004) 026 [hep-th/0312047].

[15] J. Ambjørn, A. Dubin and Y. Makeenko, Wilson loops in 2D noncommutative euclidean gauge theory, I. Perturbative expansion, JHEP 07 (2004) 044 [hep-th/0406187].

[16] A. Bassetto, G. De Pol, A. Torrielli and F. Vian, On the invariance under area preserving diffeomorphisms of noncommutative Yang-Mills theory in two dimensions, JHEP 05 (2005) 061 [hep-th/0503175].

[17] E. Witten, On quantum gauge theories in two-dimensions, Commun. Math. Phys. 141 (1991) 153.

[18] J. Ambjørn, Y.M. Makeenko, J. Nishimura and R.J. Szabo, Finite N matrix models of noncommutative gauge theory, JHEP 11 (1999) 029 [hep-th/9911041]; Nonperturbative dynamics of noncommutative gauge theory, Phys. Lett. B 480 (2000) 399 [hep-th/0002158].

[19] J. Ambjørn, Y.M. Makeenko, J. Nishimura and R.J. Szabo, Lattice gauge fields and discrete noncommutative Yang-Mills theory, JHEP 05 (2000) 023 [hep-th/0004147].

[20] D.J. Gross and E. Witten, Possible third order phase transition in the large-N lattice gauge theory, Phys. Rev. D 21 (1980) 446.

[21] L.D. Paniak and R.J. Szabo, Lectures on two-dimensional noncommutative gauge theory, 2.

Quantization, Lect. Notes Phys. 662 (2005) 205–238 [hep-th/0304268].

– 29 –

[22] N. Ishibashi, S. Iso, H. Kawai and Y. Kitazawa, Wilson loops in noncommutative Yang-Mills, Nucl. Phys. B 573 (2000) 573 [hep-th/9910004].

[23] A. Schwarz, Morita equivalence and duality, Nucl. Phys. B 534 (1998) 720 [hep-th/9805034].

[24] Z. Guralnik and J. Troost, Aspects of gauge theory on commutative and noncommutative tori, JHEP 05 (2001) 022 [hep-th/0103168].

[25] A.A. Migdal, Recursion equations in gauge field theories, Sov. Phys. JETP 42 (1975) 413.

[26] B.E. Rusakov, Loop averages and partition functions in U(N) gauge theory on two-dimensional manifolds, Mod. Phys. Lett. A 5 (1990) 693.

[27] S. Cordes, G.W. Moore and S. Ramgoolam, Lectures on 2D Yang-Mills theory, equivariant cohomology and topological field theories, Nucl. Phys. 41 (Proc. Suppl.) (1995) 184 [hep-th/9411210].

[28] E. Witten, Theta vacua in two-dimensional quantum chromodynamics, Nuovo Cim. A51 (1979) 325.

[29] D.A. Varshalovich, A.N. Moskalev and V.K. Khersonsky, Quantum theory of angular momentum: irreducible tensors, spherical harmonics, vector coupling coefficients, 3nj symbols, World Scientific, Singapore, 1988.

[30] J. Roberts, Classical 6j-symbols and the tetrahedron, Geom. Topol. 3 (1999) 21 [math.ph/9812013].

[31] F. Lizzi, R.J. Szabo and A. Zampini, Geometry of the gauge algebra in noncommutative Yang-Mills theory, JHEP 08 (2001) 032 [hep-th/0107115].

[32] G. H. Hardy and E. M. Wright, An introduction to the theory of numbers, Oxford, 1954.

[33] A. Bassetto, L. Griguolo and F. Vian, Instanton contributions to wilson loops with general winding number in two dimensions and the spectral density, Nucl. Phys. B 559 (1999) 563 [hep-th/9906125].

[34] S. Minwalla, M. Van Raamsdonk and N. Seiberg, Noncommutative perturbative dynamics, JHEP 02 (2000) 020 [hep-th/9912072].

[35] A.P. Polychronakos, Flux tube solutions in noncommutative gauge theories, Phys. Lett. B 495 (2000) 407 [hep-th/0007043].

[36] D.J. Gross and N.A. Nekrasov, Solitons in noncommutative gauge theory, JHEP 03 (2001) 044 [hep-th/0010090].

[37] L. Griguolo, D. Seminara and R.J. Szabo, Instantons, fluxons and open gauge string theory,

hep-th/0411277.

– 30 –